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Abstract 

Here we have investigated a few properties of the eigenvalues of nor- 
malized (geometric) graph Laplacian in different graphs. Preservation of 
eigenvalue 1 from a particular subgraph to the entire graph, the spectrum 
of the graph constructed with triangles share a common vertex have been 
addressed. Further using the number and degrees of common neighbors 
between vertices some new upper bounds for the largest eigenvalue have 
been introduced. 



1 Introduction 

Let r = {V, E) be a finite, connected and undirected graph with the vertex 
set V = {f 1, . . . , Two vertices Vi,Vj S T are called neighbor if they are 
connected by an edge from the set E and we denote it by Vi ^ Vj . If vertices 
Vi, Vj G r are not connected by an edge we denote it by Vi oo Vj. Let be the 
degree, the number of neighbors, of the vertex Vi. For any functions g : V ^ M. 
we define the normalized graph Laplacian as 

A.gK) := g{v^) - g{vj). (1) 

This is different from the (algebraic) graph Laplacian operator, 

Lg{vi) := n^^g{v.i) - ^ g{vj) (2) 
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which is well studied in the graph theoretical literature (see [31 [SI UHl H] ) ■ But 
the operator ([1]) is similar to the Laplacian: 

Lg{v{) -.^ g{v,) - ^ ^ g{j) (3) 

investigated in [4 and thus ([!]) and Q have the same spectrum. 

The matrix A = [a^] representation of our operator in ([!} is as follows: 

'1, ifi = j 

ifwz'-Wj (4) 
otherwise. 



2 Some basic properties 

Here we recall some of the basic properties of the eigenvalues and eigenfunctions 
of this operator from [SI [21 [I] ■ For any functions f,g:V^M. the normalized 
graph Laplacian (NGL) is symmetric for the product 

Since {f,Ag) = {Af,g) and {Ag,g) > all eigenvalues of A is real and non- 
negative. The eigenvalue equation of A is 

A/ - A/ = (6) 

where a nonzero solution / is called an eigenfunction corresponding to the eigen- 
value A. Now if we arrange all the eigenvalues in non-decreasing manner we have 

Ao = < Ai < ... < A„_i < 2. 

A graph is bipartite ijf A„_i — 2. For a connected graph only the smallest eigen- 
value Aq is with an constant eigenfunction. Hence, for all other eigenfunctions 
/, from ([SJ we get 

J2^vJiv^)=0 (7) 

The smallest non-trivial eigenvalue Ai can be estimated as 

Ai = mtn{ -^—^ : n,J{v,) = 0} (8) 

where as the highest eigenvalue A„_i which bounded above by 2 (i.e. A„_i < 2) 
can be estimated as 

Xn-i=max{ =^ — — ^ : 2_^nyJ(v,) = 0} (9) 
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3 Some new results 



Theorem 3.1. Let T be a graph consists of only m triangles share a common 
vertex. Then the eigenvalues ofT are: 0, 1/2 with multiplicity m — 1, and 3/2 
with multiplicity m + 1 . 

Proof. Let V = {vi,U2, . . . ,i'2m+i} be the vertex set of the graph T and the 
triangles in T are formed with the vertices: 

{Ul, U2, W2m+l}, {W3, W4,«2m+l}, • ■ • , {w2m- 1 , W2m , W2m+1 } • 

Now using the equations ( [5]) , ([7]) , and ^ we construct the eigenvectors 
X^^, ^2^^, . . . , xK^^ and Xf^^, ^^"^ ■, • • • i corresponding to the eigenval- 

ues 1/2 and 3/2 respectively as follows: 

2+2.1 

-(1, 1,1, 1,-2, -2,0,..., Of , 

2+2.2 



X]l\ = (1, 1,1,1,..., 1, -(m - 1), -(m - 1), 0)^ 

V 

2+2. (m-1) 

and 

Xi'/' - (W, 0,0,0,..., Of , 

2.1 

X2'/' = (o,o_a^-i,o,...,of 

2.2 



x3/2 = (0,..., 0,1,-1, of. 




y3/2 
^m+1 



Hence the proof □ 

Theorem 3.2. Let F = -E-) a graph and V' = {ui, U2, . . . , Wr} he a 
subset of V having the same set of neighbors V" — {vr+i, Vr+2, ■■■ ,Vr+m.}, 
where V = {vi, . . . ,Vr, Vr+i, . . . , Wr+m, Vr+m+i ■ • • , Let construct the graphs 
T' = (y',E') where E' CV'xV andr+ = {V,E+) where E+ = EUE'. Now for 
each eigenfunction f corresponding to eigenvalue 1 ofV with Yl\=i f'i''^i) — 0; 
there exists an eigenfunction /"*" corresponding to eigenvalue 1 of r+ where 



3 



f'ivi), i = l,...,r 
0, i > r 



Proof. Let Vq = {vr+m+i, Now V = V'UV"U Vq. 

Since /' is an eigenfunction of V corresponding to the eigenvalue 1, 

l.Kj'{v,) = n,J'{v,)- /'(i'j),Vi = l,...,r (10) 

where n'^. is the degree of Vi in V . Now adding both side of mf'{xi) we get 
l.{m + n'jr{vi)^{m + n'jr{v,)~ ^ V* = 1, r (11) 

Since f^{vj) = if Vj ^ V the equation ([TT]) imphes 

l.n+/+(^;,)-</+(^^»)- E /+(^^,),Vz = l,...,r (12) 

where n+. is the degree of z)i G r+. Now using ^[^^ f'i'^^i) = => f^i^i) = 

and f-^ivk) = OVufe ^ V we get 

r 

j=l Vk;Vk~Vr+i,VkeVoUV" 

(13) 

and 

l-"i+„+./^(^^r+m+i) = n+^+^+J^ (vr+m+t)- ^ /^(^'i)'^* = 1, • • • ,ri-(r+m) 

(14) 

The equations ([H]), (|13p . and (fH|) imply that /+ is an eigenfunction of F' 
corresponding eigenvalue 1. □ 

A similar result can be found in [8^ for non-normalized (algebraic) graph 
Laplacian. 

Theorem 3.3. For a connected graph T, let X is any nontrivial eigenvalue. 
Then 

A < 2 — mm — 

where \Ny.yj \ is the number of common neighbor between vertex Vi and Vj. 

Proof. Let / is an eigenfunction for a nontrivial eigenvalue A. 

We can assume that for a vertex Vi, f{vi) = 1 and |/(wfc)| < IVfc ^ i. Let us 

choose a vertex Uj, a neighbor of w^, such that f{vj) — niinfc{/(ufc) : ^ Vi\. 
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Now the eigenvalue equation is 

A/(«0 E /K)foralU. (15) 

By putting / = i and Z = j in (|15p and subtracting we get 



A(i-/(t,,)) = ii-f{v,)) + i- — -) E + — E /(^ 

^ ' Vk\Vk~Vi,Vk~Vj J Vk;Vk~Vj,Vk*'Vi 

~ E /K)' since /(u^) = 1. (16) 

That imphes 



(17) 

That imphes 

A(l - f{v,)) < (1 - /(«,))(2 - (18) 
If /(wj) = 1, then f{vk) = 1 for all Vk ^ Vi ^ \ = 0, from ([T5|) 
Hence the proof 

□ 

Corollary 3.1. for a connected K-regular graph T, let A is any nontrivial 
eigenvalue. Then 

I w 

X<2\1 



where — rnini,;{^^.^^, |-/Vi,;i,^|} and \Ny.y.\ is the number of common neigh- 
bor between vertex Vi and Vj . 

Proof. Let / is an eigenfunction for a nontrivial eigenvalue A. 

We can assume that for a vertex Vi, f{vi) = 1 and [/(tife)] < 1 V/c. Let vj be a 

neighbor of Vi. 

Since f{vi) — 1 the eigenvalue equation become 

KX = K- E (19) 

Now since /(wfc) > — 1 Vfc 

E /K) > -K. - (20) 
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and since f{vk) < 1 Vfc 

J2 fM>-{nv,-\N..v,\) (21) 

Now take riy. = n^,^ = K in equation (|17p in Theorem p.3p we get 
KX{l-,f{v,))^K{l-f{v,))+ Z^^'^)- E /K) (22) 

Using the equation (I^IH) and (pij) we get 

i^A(l - /(«,)) < 2{2K - |7V,^,J) (23) 

Taking summation over j, such that Vj ^ Vi, on both side of (1231) and using (jl9p 
we get 

K'X'<2{2K'~ J2 |A^.,.,|)<4X2(l-^nrin ^ |iV„,.J) (24) 
Hence the proof 

□ 

Theorem 3.4. For a connected graph T, let A is any nontrivial eigenvalue. 
Then 



X < max ■ 



Proof. Let |-/Vi,;„. | is the number of common neighbor between vertex Vi and Vj. 
Let us consider the matrix which is the square of The (i,j)th element 
of the matrix form is: 



-;^(2 - 1^), if - V, and |7V„.„^ | ^ 



f 1 + ^ V ^ if i = 7 

— ^(-T — ), if -s- n, and |7V„.„.| 7^ 

^0 otherwise. 

Using Gershgorins theorem to the row of A^, we get 
A^<max/fl + ^ V — )+— V |2- V 

— E — + — E 2+— E E 
+ - E E - 



< max < 1 



(25) 
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That implies 



A < max 



3+— E — + — E E — I (26) 



Hence the proof □ 

Corollary 3.2. If X is any nontrivial eigenvalue of a connected graph T, which 
does not have any triangle. Then 

A < mjix I 3 + [ E „^ + E E n^,, } I ■ 

k y Vj\Vj^Vi Vj-Vjoovi Vk;Vk^Vi,Vk^Vj ^ ) 

Proof. If there is no triangle in the graph F, then the equation psp becomes 



A < max ■ 



1+- E E E E - 

(27) 

Hence the proof □ 

A similar result results in theorem p.3p and p.4p can be found in '7' for 
(algebraic) graph Laplacian. 
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